MODULAR FORMS AND THE KODAIRA-SPENCER ISOMORPHISM
BOCKMAN CHEUNG

ABSTRACT. This expository article is my final project for Math 205B at UCLA on Modular Forms
for Winter 2026, taught by Romyar Sharifi. We explain Katz’s algebraic perspective of modular
forms of level 1 as sections of tensor powers of the Hodge bundle w. We give a brief survey
of algebraic de Rham cohomology to get an isomorphism of Kodaira-Spencer Q' ~ w®?2 in the
complex case.

1. MODULAR FORMS OF LEVEL 1

A classical modular form of weight k£ and level 1 is a holomorphic function f : H — C satisfying
f(y1) = j(y,7)*f(7) for all v € SLy(Z) and 7 € H which is holomorphic at infinity. Our object
of interest is Katz’s recast of modular forms [7] in 1973, which permits to generalize modular
forms to over arbitrary rings and to define p-adic modular forms.

The manifestation in the C case is as follows. As H is the coarse moduli space of elliptic curves
over C, we may view f(7) as a function F(Z1 + 7Z) taking values in elliptic curves, if we express
an elliptic curve as a lattice E = C/(Z71 + Z). However, it is not clear how we can generalize
this to elliptic curves over arbitrary rings. For one, we actually made a very specific choice of
representation of the elliptic curve here by picking {1, 7} as a basis. There can be infinitely many
choices up to homothety by scaling the lattice with A € C*. To rigidify the choice, we specify
a nowhere vanishing holomorphic differential w € Q, I It has to be nowhere vanishing because
heruistically, otherwise we cannot measure the size of the lattice uniformly. Then we have the
classical correspondence:

{Lattices A C C} + {9* = 42° — gox — g3}

d
{Translation invariant 1-form w = dz} — {w = —x},
Yy

where C/A 3 2 = (z = p(2,A),y = ¢'(2,A)), g2 = 603 5 A7 g3 = 14037 cn A5
Conversely, given an elliptic curve E/C defined as an affine variety with a non-zero everywhere
holomorphic differential form w on E, we have

A(E,w) = {/w |y € H(E,Z) ~ 7 x T} < {E/C,w)
Y
So now, we may associate to a weight k level 1 modular form f a uniquely determined function

F(E/C,w) := wy " f(wy /ws), if ME,w) = Zw, + Zw, and Tm(w; /ws) > 0.

Scaling the differential form by A € C* would give F(E, \w) = A"*F(E,w), because the right
hand side is a weight —k homogeneous polynomial.
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In the first section, we generalize this to modular forms taking values in elliptic curves over
any base scheme. Due to time limitations, we will not use the viewpoint of stacks.

Definition 1.1 (Family of elliptic curves over a scheme). Let S be a scheme. A family of elliptic
curves over S is a smooth proper morphism 7 : X — S, whose geometric fibres are elliptic curves,
and a section e : § — X.

Example 1. Denote H as the upper-half plane. Consider the action of Z? on C x H by (m,n) -
(z,7) = (2z+m+mn7,7). This action is free and proper, so its orbit space, denoted X, is a smooth
2-manifold. The projection into second component gives a family of elliptic curves over C

mT:X—=>H

It is clear that the fibres X, are complex elliptic curves C/(Z+7Z). The section e : H — X is the
zero section. In fact, it can be shown that every complex family of elliptic curves is a pullback of
7 (in the language of stacks, 7 is the universal family over H.

Example 2 (Tate Family for Complex Elliptic Curves). . The pair (C/(2miZ + 2miTZ), 2midz)
is isomorphic to (C/(Z + 7Z), dz), and by a change of variables z — ¢t = €*™# it is equivalent to
the pair (C*/q”,dt/t), where ¢ = €*™7. We compute the equation for (C/(2miZ + 2miTZ), 2mwidz)
under the correspondence to get

2 3 4 6
=4r° — —¢ — W= —.
4 127 " 216 y

As E; and Eg are in Z[[g]], this curve has coefficients in Z[3, 1][[q]] = Z[¢][[¢]]. Applying the
change of coordinates x — x + %, Yy — x4 2y, we get

dx
T+ 2y’
where B(g) = —5 5,0, 05(n)g", C(g) = 5oy (SBCTBON 00 o) =5,k They have

coefficients over Z|[[g]]. But for each of them to be smooth, we need that the discriminant

A=q]Ja—-g*
n=1

v 4+ xy = 2° + B(g)x + C(q),w =

to be invertible; so each elliptic curve is defined over Z[[q]](%) = Z((q)). This family of elliptic

curves forms a morphism from a closed subscheme of P% to S = SpecZ((q)), called the Tate
dz
42y ”

family Tate(q). Over each fibre, the canonical differential is defined as

Next we give the definition of the relative sheaf of differentials. We restrict our attention to
a family of elliptic curves 7 : X — S when the base scheme S = Spec(R) is affine (no extra
assumption on R except it is commutative unital). The most general definition is in ([5], IL.8).

Definition 1.2 (Relative Sheaf of Differentials (Local Version)). With notation as above. We
start with an affine open U = Spec(A) of X and describe I'(U, Q2x/s).

As m is proper, it is of finite type, so A is a R-algebra. We define I'(U, {x/s) as the sheaf of
the A-module of €24,r, where

Qg is the free B-module (da : a € A) modulo the rules: for all a,a’ € A,r € R,
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dla+d') =da+dd,d(ad’) = ada' + d'da,dr = 0.
One can check that they patch together to form a sheaf on X. Additionally, smoothness of 7
implies that {2x,s is an invertible sheaf of rank,(Qx/s) = dim,(Xx()) = 1 by ([8], 2:29.34.12), so
Q2x/s is a line bundle on X.

One question might be to classify when does the relative sheaf of differentials for X/S have
global sections, and is left to the interested reader.

Example 3 (Tate family). With the notation as in Example 2, the canonical differential mf‘gy

over each fibre patch together to a nowhere vanishing global section I'(X, Qx/g). This trivializes

the line bundle Qx/g, so we get a pair denoted (Tate(q), Wean)-

Definition 1.3 (Hodge Bundle). Let 7 : X — S be a family of elliptic curves. The Hodge bundle
associate to this family is

Wy = T(xss).

We have come to the position to define the analog of modular forms from Katz’s 1973 paper
[7]. In this article, we will call Katz’s definition of modular forms premodular forms for it does
not include the holomorphy at infinity condition.

Definition 1.4 (Premodular forms). A premodular form of weight k& € Z and level one is a rule
f which assigns to any family of elliptic curves 7 : X — S (S is any scheme) a section f(X/S) of
(wx/s)®* over S such that the following two conditions are satisfied.

(1) f(X/S) depends only on the S-isomorphism class of the elliptic curve X/S.
(2) The formation of f(X/S) commutes with arbitrary change of base g : " — S (meaning

that f(Xg/S") = g"f(X/5)).

Definition 1.5. Suppose we only consider schemes S over a base ring Ry, and change of base by
Ro-morphisms, then we define a premodular form of weight k € Z and level one over Ry similarly.

Proposition 1. When S = Spec(R) (R is always commutative unital), the premodular form f
admits the following concrete description.

(1) f is a rule which assigns to every pair (X/R,w) where w is a nowhere vanishing section
of Qx/g, an element f(X/R,w) € R.

(2) f(X/R,w) only depends on the R-isomorphism class of (X/R,w).

(3) For any A € R*, f(E,\w) = X" f(E,w).

(4) If g : R — R’ induces a change of basis, then f(Er /R, wr) = g(f(E/R,w)) € R

Proof. 1x/s is locally free of rank 1, and as the proposition is a local question, we may assume
that I'(S,w) is a free R-module with basis w. Define f(X/R,w) by the characterizing property
f(X/Spec(R)) = f(X/R,w) - w®*. Then it is clear that f(X/R,w) satisfies (1)-(4). O

When S = Spec(C), we get back the classical level 1 (pre)modular forms of weight k described
in the introduction. (Of course, under this definition, one has to give a rule to family of elliptic
curves over any base scheme, not just over C!)

Definition 1.6 (Holomorphy at infinity). Suppose f is a premodular form of weight & and level
1 over Ry. The assignment F'(Tate(q),wean)r, Tate curve precisely represents the g-expansion of
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modular form, where Tate(q) is defined over Spec(Z((q))®zRp) now. We say that f is holomorphic
at infinity if f(Tate(q), Wean)r, € Z((q)) ®z Ry is actually in Z[[q]] ®z Ry.

Definition 1.7 (Modular form of level 1). With f as above, if it is holomorphic at infinity, then
it is called a modular form.

2. ALGEBRAIC DE RHAM COHOMOLOGY

For the second half of the paper, we shall study the Hodge bundle w in much more detail.

Definition 2.1 (de Rham complex, ([8] 0FK4)). Let 7 : X — S be a familly of elliptic curves.
Since Qy/g is quasi-coherent on X, it is an 7~ !'Og-module. Let T"(Qx/s) = Q;@}';S, where T9 =
7104 =: Ox/g. The tensor algebra of 1x,g is the direct sum

T(Qxss) = P T (Qxys)-
n>0

The exterior alegrba \(Qx/s) is the quotient of T'(€2x,s) by the two-sided ideal generated by local
sections s ® s of T?(Qx/s), where s is a local section of Qx5 (only defined in some open set).

Define Q' /5= N (Q2x/s). Using the same terminology as in differential geometry to denote the
equivalence class of elements in this algebra using wedge symbols, we have the differential map on
local sections s of Q’)“(/S. If on an open set, s = godgy A - - - A dgy, then ds := dgy ANdgy A --- N dgy.
At the end, one gets the de Rham complex

* d d
QX/S . OX/S — Q}X'/S — Q%(/S —

For properties of algebraic differential forms, see (EGA IV, §16.6 [3]). Then we arrive at the
definition of algebraic de Rham cohomology:

Definition 2.2. The (relative) de Rham cohomology of X over S is the cohomology groups
(sometimes called hypercohomology groups) over the de Rham complex

Hap(X/S) == H'RT(X, Q).

where RT' : D(X, 7 'O0g) — D(Os) is the derived functor from the derived category of sheaves
of m7'Og-modules to the derived category of sheaves of Og-modules.

The author does not have a clear picture of how to compute these cohomology groups currently
(they involve taking total complexes), but a related keyword is the Hodge-to-de Rham spectral
sequence.

Fact 1. Since 7 is proper, HJ(X/S) will be an algebraic vector bundle (locally free sheaf of finite
rank). HJ(X/S) is a vector bundle (locally free sheaf of finite rank) whose formation commutes
with base change: if we have

X — X

| o]

S’—>S

then there is a canonical isomorphism H7s (X'/S") = f*H7(X/S).
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Fact 2 (Hodge Filtration). Derived from the more general Hodge filtration, we get a short exact
sequence for a familly of elliptic curves over the base ring R ([7], A.1.2.1)

0 = wx/p = Hig(X/R) = H' (X, 0x) ~ (wx/p)® ' =0

and ([7], A.1) shows that there is a canonical but not functorial splitting (also known as the
Hodge decomposition)

Wx/r D (u—)X/R)il = HC}R(X/R)-
When R = C, we recover the complex analytic Eicher-Shimura isomorphism

ESi: Sp(T) & Sp(T) = H)(T,Vi(C)), (f,9) = onlf) + dilg),

where I' C SLy(C) is a congruence subgroup, Si(I') is the vector space of cusp forms of weight
k, H; is the parabolic group cohomology, and V;(C) is isomorphic to the weight k£ — 2 modular
symbols. We won’t pursue further in this direction, but for the purposes of this paper it suffices to
know that w (the “holomorphic 1-forms”) sits inside Hj(X/R) (all “closed deRham 1-forms”).

3. CONNECTIONS

We assume in this section that the base scheme S is over C.

Definition 3.1 (Connection on vector bundles over a complex variety). Let S be a smooth
complex variety, E be a vector bundle on S. A connection V on E is a C-linear map

V:E —= E ®os Qs/c,
such that for local sections g of Og and o € F,
V(ga) = gV(a) +a® dg.
By ([5], I1.8.7), we can identify the global sections of the dual of the relative differentials
r'(s, (QE/C)V) = F(HomC(Q}g/(c, C)) ~ Derc(S,C),

where the right hand side is the set of derivations {D : Og — Qg sc} which are maps of sheaves of
abelian groups on S, which is a derivation of local rings at each point. So for each such derivation
D, we can define a more geometric map which is the algebraic analogue of differentiating a vector

field:
Vp:=(idg®D)oV:E—FE

Theorem 3.1 (Gauss-Manin Connection, complex version). Let m : X — S be a smooth C-
morphism between smooth C-schemes. Consider the corresponding map " : X(C) — S(C)
of complex manifolds. Then there is an identification Hjp(X/S)™ = R"m(Zxc)) @ Os),
where Zx ) is the constant sheaf of complex numbers on X(C). There exists an integrable
(curvature: = V2 = 0) connection, called the Gauss-Manin connection, whose incarnation in the
complex form is given explicitly by

Vi R'"T(Zx(c) @z, Os(©) = R'1u(Lx(0)) @z Vs = Hip(X/9)™ Qo O,
a® f—a®df.

The verification of these claims is out of our scope, but our reference is Bloch’s notes [1] and

[2].
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Theorem 3.2 (Gauss-Manin connection on the family 7 : X — H). Let Ey : H — C be the
weight 4 Eisenstein series:
Ey(1)=1-— 242 o1(n)q", q=e""",
n>1
and 1 be the global section of Hix(X/H) defined by
1
(1) = 5—pr(2)dz € Hip(X,).

2me
IfV: HR(X/H) — HiR(X/H)RQ4 denotes the Gauss-Manin connection, then on the canonical
differential w = dz, we have
E
Vpw =1 — 1—2%, Vo(Vpw) =0

_1d
where D = 57

Proof. We follow ([2], Lecture 2, Theorem 4.3). Under Grothendieck’s de Rham theorem [4], we
can work with singular cohomology by identifying the fibers of the bundle (R'7%"Zx)" — H with
H\(X;,Z) ~ Z + Z7. The isomorphism also gives global sections (in other words, trivializations)
(71,72) of (R'm"Zx)Y such that (v1(7),72(7)) = (1,7) € H1(X,,Z). Then analytically, ([6],4.1.2)
explains that the Gauss-Manin connection is determined by the formula

/VD(w):D/w, i=1,2.
%i vi

By Poincaré duality for analytic de Rham cohomology, it suffices to show that

E
/pr:/n——2 w, 1=1,2.
i Vi 12 Vi

By definition of w = dz, fm w = 2mi, fw W = 27T, SO

/% V() = o/ V() = 1.

Thus, the statement is equivalent to showing the conditions
1 270 2 T 2711 2
/ or(z2)dz = (2i) Ey(1), / or(2)dz = 2mi + (2mi)
0 12 0 12
They hold by ([7], Lemma A1.3.9). O

E2 (7’)7'.



MODULAR FORMS AND THE KODAIRA-SPENCER ISOMORPHISM 7
4. THE PROOF

Theorem 4.1 (Kodaira-Spencer, complex version). Let m: X — S be a family of elliptic curves
with base scheme C. Then the map @?ﬁs — Qg

S1 & Sg —> <81, VS2>dR
is an isomorphism of sheaves of Og-modules.

Proof. Over C, every family of elliptic curves is a pullback from the universal family 7 : X — H
([2], Lec 1, Thm 3.4), so it suffices to prove the statement for this family.

For this family, the first algebraic de Rham cohomology is identified the cohomology bundle
over H with fiber isomorphic to the first de Rham cohomology H'(X,,R) ~ R, such that the
canonical differential w = d7 trivializes the bundle. Then there exists an alternating and perfect
de Rham pairing ([7], A1.3.17), analogous to the de Rham cup product, as

(.)ar + Hip(X/H) @ Hyp(X/H) — Oyyc

that is characterized by (dz/y, xdx/y)qr = 1.

We compute the image of w ® w. By Theorem 3.2, we have (w, Vpw) = (w,n) — (w, Zw). The

pairing is alternating, so the right hand side is equal to dr. It follows that (w,Vw) = 2midr.
As d7 generates the sheaf of differentials Q2g/c, the Kodaira-Spencer map gives a surjective map
between line bundles. The inverse is given by d7 ﬁw ®w, so we have an isomorphism between
invertible sheaves of Oy-modules. O

REFERENCES

[1] Bloch, Spencer (2016). Lectures on hypergeometric functions in Beijing. Lecture 1: Gau-Manin Connections.
Available at https://www.math.uchicago.edu/~bloch/Beijing_lectures_hypergeometric_161028.pdf.

[2] Fonseca, Tiago J (2020). A crash course in modular forms and cohomology, lectures at Oxford of the WORKing
Seminar. Link to notes and recorded lectures: https://tjfonseca.github.io/teaching/crash-course/.

[3] Grothendieck, Alexander (1967). Eléments de géométrie algébrique. Institut des Hautes Etudes Scientifiques.

[4] Grothendieck, Alexnader (1965). On the de Rham cohomology of algebraic wvarieties. Publications
Mathématiques de I'Institut des Hautes Etudes Scientifiques. Volume 29, pages 95-103.

[6] Hartshorne, Robin (1977). Algebraic Geometry, Springer Graduate Texts in Mathematics 52.

[6] Katz, Nicolas (1972). Algebraic solutions of differential equations (p-curvature and the Hodge filtration).
Invent. Math. 18, 1-118.

[7] Katz, Nicolas (1973). p-adic Properties of Modular Schemes and Modular Forms. In: Kuijk, W., Serre, JP.
(eds) Modular Functions of One Variable III. Lecture Notes in Mathematics, vol 350. Springer, Berlin, Hei-
delberg. https://doi.org/10.1007/978-3-540-37802-0_3

[8] The Stacks Project. Available Online.



